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Abstract 

Let Mrf(A;) denote the space of d x d-matrices with coefficients in an 
algebraicahy closed field k. Let X be an orbit closure in the product 
[Mrf(A;)]* equipped with the action of the general linear group GLrf(/c) 
by simultaneous conjugation. We show that X is regular at any point 
y such that the orbit of y has codimension one in X. The proof uses 
mainly the representation theory of associative algebras. 

1 Introduction and the main results 

Throughout the paper, k denotes an algebraically closed field and by an alge- 
bra we mean an associative fc-algebra with an identity. Let d and t be positive 
integers. The points of [Mrf(A;)]* correspond to the algebra homomorphisms 
from the free algebra k{Xi, . . . , Xt) to M.d{k), or equivalently, to the left 
A;(Xi, Xt) -modules with underlying vector space k'^. Furthermore, the 
isomorphism classes of c?- dimensional left k{Xi, . . . ,Xt)-modules correspond 
to the orbits in [M(;(A;)]* under the action of the general linear group GL(i{k) 
via 

g-k{mi,...,mt) = {gmig^^, . . . , gmtg~^). 

Now let A be a finitely generated algebra and ai, . . . , be some generators, 
for a positive integer t. Then we get an isomorphism A ~ k{Xi, . . . ,Xt)/I, 
where / is a two-sided ideal. Consequently, the set mod^(A;) of left A-modules 
with underlying vector space k'^ can be identified with the GL(;(A;)-invariant 
closed subvariety of [Md(/c)]* consisting of t-tuples {rrii, . . . ,mt) such that 
p{mi, . . . ,mt) is the zero matrix for any (noncommutative) polynomial p in 
/. The affine variety mod^(/c) is called a module variety and depends on the 
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choice of generators of A only up to a GL(i(A;)-equivariant isomorphism. We 
shall denote by Om the GLrf(fc)-orbit of a module M in mod^(A;), and the 
closure of Om with respect to the Zariski topology will be denoted by Om- 
The main result of the paper solves the open problem posed by Bongartz in 
§6.2,p.598]. 

Theorem 1.1. Let M and N be points in mod^(A;) such that N belongs to 
Om o-nd dim(9j\/ — dimO^r = 1- Then the variety Om is regular at N . 

Let M be a module in mod^(/c), where A is a representation finite algebra, 
that is, there are only finitely many isomorphism classes of indecomposable 
modules in mod A. Then Om contains only finitely many GL(i(/i;) -orbits and 
hence we get the following result: 

Corollary 1.2. Let A be a representation finite algebra and d be a posi- 
tive integer. Then the closures of GLd{k)- orbits in mod^(fc) are regular in 
codimension one. 

We also know that such orbit closures are unibranch, by ^T], but we do 
not know if they are normal. The orbit closures in mod^(fc) are normal and 
Cohen-Macaulay provided A is the path algebra of a Dynkin quiver of type 
A„ or D„ (0), or A is a Brauer tree algebra (III). 

We shall show in Section |21 that Theorem 11.11 follows from the following 
fact. 

(/) 

Theorem 1.3. Let —>■ Z > Z (B Y — ■ > Z ^ be a nonsplittable 

exact sequence of finite dimensional left A-modules with Z indecomposable. 
Then dimfcEnd^l^) - dimfcEndA(F) > 1. 

We obtain from the above exact sequence two A-endomorphisms x = gh 
and y = gfh of the module Y. These endomorphisms satisfy the relations 
xy = yx and x^ = y"^, which allows to consider Endyi(y) as a bimodule over 
the ring R = k[x, y]/ {x^ — y'^). SectionlHlis devoted to the study of properties 
of modules and bimodules over the ring R related to the existence of their 
finite free resolutions. Results obtained there will be used in Section HI to 
study the bimodule EndA(5^), leading to the proof of Theorem II. 31 Sectional 
provides some consequences of Theorem 11.11 and additional remarks. 

For basic background on the representation theory of algebras we refer 
to [2j and |H]. The author gratefully acknowledges support from the Polish 
Scientific Grant KBN No. 5 P03A 008 21. 
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2 The proof of Theorem 11.11 



Throughout the section, A is a finitely generated algebra and mod A denotes 
the category of finite dimensional left A-modules. Furthermore, we abbrevi- 
ate dimfc Hom^(X, Y) to [X, Y], for any modules X and Y in mod A. 

Lemma 2.1. Let a: be an exact sequence in mod A 

and X be a module in mod A. Then 

(1) [U ®V, X] > \W, X] and the equality holds if and only if any homomor- 
phism in Homyi(f/, X) factors through f; 

(2) [X,U © V^] > [-^, VT] and the equality holds if and only if any homo- 
morphism in Hom^(X, V) factors through g. 

Proof. (1) follows from the induced exact sequence 

- Hom^(V,X) Hom^(iy,X) """"^^'^^^ Hom^(t/,X) 

and (2) follows by duality. □ 

Lemma 2.2. Let a : Q ^ U ^ W ^ V ^ Q be an exact sequence in mod A. 
Then the following conditions are equivalent: 

(1) the sequence a splits; 

(2) W is isomorphic to U ® V ; 

(3) [U®V,U] = [W,U]; 

(4) [V,U®V] = [V,W]. 

Proof. Clearly the condition (1) implies (2), and the condition (2) implies (3) 
and (4). Applying Lemma ITTl we get that (3) implies that the endomorphism 
1^ factors through /, which means that / is a section and (1) holds. Similarly, 
it follows from (4) that g is a. retraction and (1) holds. □ 

Throughout the section, M and N are two modules in mod^(/c) such 
that N e Om and dimOif - dim Oat = 1. Applying ^ Theorem 1] we get 
modules Z, T and the exact sequences in mod A 

O^Z^Z®M^N^O, (2.1) 
^ X A T © M ^ T ^ 0. (2.2) 
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Lemma 2.3. [M,M] = [M,N] = [N,M] = [N,N]-1. 

Proof. Since the isotropy group of the point M can be identified with the 
automorphism group of the A-module M and the latter is open in the vector 
space EndA(M), then dimOM = dimGLd{k) — [M, M]. Similarly, dimON = 
dimGLd(A;) - [A^, A^], which gives [M,M] = [A^, A^] - 1. Applying Lemmas 
12.11 and f2.2l to the sequences ()2.H) and ()2.2|) we get the inequalities 

[M, M] < [N, M] < [N, N] and [M, M] < [M, N] < [N, N]. 

Now the claim follows easily. □ 

Let rad(— , — ) denote the two-sided ideal of the functor 

Hom^(— , — ) : mod A x mod A mod/c 

generated by the nonisomorphisms between indecomposable modules. From 
now on, we assume that / belongs to rad(Z, Z © M). In fact, if this is not 

the case, then / is of the form j : Z' ® Z" ^ Z' ® {Z" © M), where 

/' is an isomorphism and /" belongs to rad(Z", Z" © M). Consequently, the 
exact sequence 1)2.11) has the form 

O^Z'® Z" z' © {Z" © M) N ^0 

and we can replace it by the exact sequence 

^ Z" ^ Z" ® M ^ N ^ 0. 

Lemma 2.4. There is an open neighbourhood U of f in B.omA{Z, Z © M) 
such that for any f in U either f is a section, or f = jfi for some A- 
endomorphisms i and j of Z and Z © M, respectively. 

Proof. We first recall a construction described in [11] for the module X = 
Z © M. Let c = [X, M]. The natural action of GLd{k) on the space 
B.omk{X , k'^) induces canonically an action of GLd{k) on the Grassmann 
variety Grass(Homfc(X, k"^), c) of c-dimensional subspaces of the vector space 
B.omk{X , k'^) . We consider the GLd(A;)-variety 

C = modi (A:) x Grass(Homfc(X, k"^), c), 

and its one special GLd(/c)-orbit 

= {(M',HomA(X,M')); M' e Om}- 
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Let vr : Omx ~^ denote the restriction of the projection of C on mod^(/c). 

Now we want to construct a special regular morphism from an open sub- 
set of Homyi(Z, X) to Omx ^ similar way as in the proof of [3 Propo- 
sition 3.4]. Let e = dim^ By choosing bases, we may assume that 
Z belongs to mod^(/c) and X belongs to m.o(f^'''{k). Then the elements 
of Hom^(Z, X) can be considered as {e + d) x e-matrices. We choose an 
(e + c?) X (i-matrix h such that the matrix (/, h) is invertible. Observe that 
dimfc coker(HomA(X, /')) = c for any injective homomorphism f : Z ^ 
Z © M. Let wi, . . . ,Wc be elements of EndA(X) C Me+d(fc) whose residue 
classes form a basis of coker(HomA(X, /)). It is easy to see that there is an 
open neighbourhood V of / in Hom^(Z, X) such that the matrix [f',b] is 
invertible (in particular /' is injective) and the residue classes of Wi, ... ,Wc 
form a basis of coker(Hom^(X, /')), for any homomorphism /' G V. Let 

f E V, g = [/', b] and write = ^„ , where g' consists of the first e-rows 
of g~^. Then g~^ -k X = [g Jv^]; that is, N' is a module in mod^(/c) and 

O^Z^X^N'^0 
is an exact sequence in mod A. We conclude from the induced exact sequence 

^ Hom^(X, Z) Hom^(X, X) """"^"^'^"^^ Hom^(X, X') 

that g"{wi), . . . ,g"{wc) form a basis of the image Im(HomA(X, (7")). Hence 
we get a regular morphism Q : V —>■ C sending /' to (X', Im(Homyi(X, (7")). 
If /' e V is a section, then X' e Om and Im(HomA(X, g")) = Hom^(X, X'), 
and consequently, 6(/') belongs to the orbit Omx- Since the sections in V 
form an open subset of the irreducible set V, then the image of G is contained 
in Omx- the other hand, if /' G V is not a section, then X' is not 
isomorphic to M, which implies that 0(/') belongs to the boundary dOux = 
Omx \^Mx of ^Mx- Since dim^CMx < dimOMx = dimOM = dimOAr-|-l, 
the inverse image 7r~^{Oi\f) is a finite (disjoint) union of GL(i(fc)-orbits and 
each of them is open in BOmx- Let Oi denote the one containing 0(/). Then 
Omx U C'l is an open subset of Omx^ and consequently, U = Q~^{Om^ U Oi) 
is an open subset of V. 

Assume that e(/') = (X', Im(HomA(X, ^"))) belongs to d. Then X' = 
h -k N and Im(Hom^(X, ^f")) = /i * Im(Hom^(X, (7)) for some element h in 
GL(i{k). Hence : X ^ X' is an ^-isomorphism and Im(Hom^(X, gf")) = 
Im(Homyi(X, hg)). In particular, hg = g"j for some j G End^(X). Thus we 
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obtain a commutative diagram with exact rows 




Since h is an isomorphism, the sequence 

^ z X ® Z ^^^^ X ^0 

is exact. Then the homomorphism (^) is a section, by Lemma 12.21 The 
same is true for the endomorphism i', as / belongs to rad(Z, X). Hence i' is 
an isomorphism and /' = jfi, where i = □ 

Let rad^(X) denote the Jacobson radical of a module X in mod A and 
let Tad{E) denote the Jacobson radical of an algebra E. In particular, 
rad(EndA(X)) = rad(X, X) for any module X in mod A. Moreover, if X is 
indecomposable, then the algebra End^(X) is local with the maximal ideal 
rad(X, X) consisting of the nilpotent endomorphisms of X and there is a 
decomposition EndA(X) = k ■ Ix ® rad(X, X). 

Lemma 2.5. The module Z is indecomposable, [N, Z] = [M, Z]-\-l and any 
radical endomorphism of Z factors through f. 

Proof. Suppose that Z = ZiQ) Z2 for two nonzero modules Zi and Z2. Since 
/ belongs to rad(Zi©Z2, Zi©Z2©M) , then the map f+t-lz, : Z Z®M is 
not a section, for any t & k. Applying Lemma [2.41 we get f + t- Iz^ = jfi for 
some t ^ and endomorphisms i and j. Since / belongs to rad(Z, Z © M), 
the same holds for f + t-lz^ and t- Iz^, a contradiction. Therefore the module 
Z is indecomposable. 

Let E = End^(Z). We have the induced exact sequence in modi? 

- Hom^(X, Z) Hom^(Z © M, Z) "^f^^^^ Hom^(Z, Z). 

Then the image of a = Hom^(/, Z) is contained in rad(-E') = rad(Z, Z) as / 
belongs to rad(Z, Z © M). It remains to show the reverse inclusion, which 
means that the restriction 

a' : Hom^(Z © M, Z) ^ rad(E) 

of a is surjective. Since Im(a') is an i?-submodule and rad£;(rad(£')) = 
rad^(£'), it suffices to show that the composition 

13 : Hom^(Z © M, Z) rad(^)/ rad^(^) 
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of a' followed by a quotient is surjective. 

Let h e rad(E). Observe that / + t ■ ( [j ) belongs to rad(Z, Z © M) for 
any t & k. Applying Lemma f2. 41 we get f + 1 ■ (q) = jfi for some t ^ and 
endomorphisms i and j. Then we have the equality {Iz, 0)/ + t-h = j'fi in 
E, where j' = (Iz, 0)j : Z Q) M ^ Z . We decompose i = c ■ Iz + i' , where 
c G A; and i' G rad(i?). Since j'/ belongs to rad(i?), then j'/^ ~ cj'f belongs 
to rad^(-E'). Altogether, we conclude that 



h + md\E) = ■ {cf - {Iz, 0))/ + rad2(E) = P{ci-'f - (r' ■ Iz, 0)), 

which finishes the proof. □ 

fl 
■ h 

- (2.3) 



We decompose / = (j^) and g = {gi,g2). Then the square 




is exact, that is, it is a pushout and a pull-back. Furthermore /i is nilpotent. 

Lemma 2.6. Let j be a positive integer such that {fiY = 0. Then any 
radical endomorphism of Z factors through {fi,b) : Z Q) Z for some 

A-homomorphism b. 

Proof. Let e' be an element of End^(Z). Applying Lemma (2.51 we obtain a 
decomposition 

e' = X-lz + a'f, + b'f2 

for some scalar A G /c and ^-homomorphisms a' : Z ^ Z and b' : M —>■ Z. 
Let e be a radical endomorphism of Z. Using the above j times, we get 

i-i 

e = Y,\-U'iy + bif2{fiy. 

i=0 

Since the endomorphism e is radical then Aq = 0. Hence we get the claim for 
6= (6o,...,&i-i). □ 

Proposition 2.7. Assume that TheoremlT^ holds. Then [Z,M] = [Z,N]. 



Proof of Proposition \2. ?[ Suppose that [Z, M] ^ [Z, N]. We divide the proof 
into several steps. 

Step 1. gi factors through f = {fl)- 



7 



Proof. Applying Lemma 12.11 for X = Z and the sequence fl2.1|) we get a 
homomorphism u in Hom^(Z, A^) which does not factor through g. Further- 
more, we may assume that ufi factors through g as /i is nilpotent. Hence 

ufi = giai + 5(202 (2.4) 

for some A-homomorphisms ai : Z Z and a2 '■ Z —>■ M. The homomor- 
phism 02 factors through /, by Lemma lT^ and Lemma lTTl apphed for X = M 
and the sequence fl2.1|) . We decompose the endomorphism ai = X ■ Iz + a[, 
where A G and a'^ belongs to rad(Z, Z). By Lemma ESI also factors 
through /, and consequently, 

ai = \ -lz + + &i,2/2, 02 = &2,i/i + ^2,2/2 

for some A-homomorphisms 61^1, 61,2, &2,i and 62,2- Combining these equalities 
with ^r^i we get 

A • 5(1 = (m - gibi^i - fi'2&2,l)/l + i-gibl,2 - fl'2&2,2)/2- (2.5) 

Suppose that A = 0. Then it follows from the exactness of ()2.3p that 

u - 9iKi - fi'2&2,i = cgi 

for some A-endomorphism c : N ^ N. We know that [N, N] — [N, M] = 1, 
by Lemma f2. 31 We conclude from the induced exact sequence 

^ Hom^(Ar, Z) Hom^(Ar, Z (B M) Hom^(Ar, N) 

that HomA(A^, A^) = k ■ 1^ Q) lm{}lomA{N , g)) . Hence c = ^ ■ In + gidi + 
(72'^2 for some fj, E k and A-homomorphisms di and ^2- Consequently, the 
homomorphism 



u 



9i{h,i + /i ■ Iz + digi) + fi'2(&2,i + c^25'i) 



factors through g = {gi,g2), a contradiction. Thus A 7^ and the equahty 
ihows that gi factors through f = {jl) ■ D 

Hence the exact square ()2.3|) divides into two exact squares 



Z — -M (2.6) 



/i 



. /2 / 



.W2 , 



-92 
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Step 2. The homomorphism W2 ■ W 
[Z, Z ® M]-[Z,W]<1 holds. 



M is a retraction and the inequality 



Proof. Applying Lemma f2. II for X = M and the exact squares ()2.6|) . we get 
that the integers 

[M, Z®M]- [M, W] and [M, W ® N] - [M, © Z] 



are nonnegative. Moreover, their sum equals [M, N] — [M, M] = 0, by 
Lemma 1231 Hence these numbers are zero and any map in Homyi(M, Z®M) 
factors through ( ^2 ) ? by Lemma ITTl applied for X = M and the left square 
in ()2.(i|l . Consequently, any map in HomA(M, Z) factors through 
while any endomorphism in Endyi(M) factors through (/2,W2)- In partic- 
ular, (/2,W2) is a retraction and the same holds for W2, as /2 belongs to 
rad(Z, M). Furthermore, Hom^(Z, M) is contained in the image of the map 
a = Hom^(Z, {jlZl)) induced exact sequence 



^ Hom^(Z, Z) ^ RonuiZ, Z ®W) ^ HomA(Z, Z © M). 

Hence the inequality [Z, Z © M] — [Z, VT] < 1 will be a consequence of the 
fact that rad(Z, Z) is contained in the image of the map 

HomA(Z, (/i, wi)) : HomA(Z, Z © W^) ^ HomA(Z, Z). 



The latter follows from Lemma [2.61 and the fact that any homomorphism in 
HomA(M, Z ®M) factors through (/i, Wi). □ 



Consequently, we can decompose W 
such that = (0, 1m) : >^ © M ^ M. 



y © M for some A-module Y , 



Step 3. There is a nonsplittable exact sequence in mod A of the form 







Y^Z 



0. 



(2.7) 



Proof We decompose m = ( ) : Z ^ Y®M and i^i = (f 1, ^2) : Y®M ^ Z. 
We conclude from ()2.6|) the exactness of the upper row in the diagram 



Z®Y®M 



■ fl -Vi -V2'- 
./2 -1 , 



M 



(2.^ 



1 00 
010 

-f2 1 



Z®Y 



( h-V2f2 -VI 0\ 



' 1 -V2' 

.0 -1 , 



M 



■0. 
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In particular, /2/1— M2 = 0, which imphes that the diagram ()2.8|) is commuta- 
tive. Since the maps corresponding to vertical arrows are isomorphisms, the 
bottom row is exact as well. It follows from the construction of the squares 
()2.6j) that f2 = xu. We decompose x = (xi, X2) : F © M M. Then 



and consequently. 



/2 = XiUi + X2U2 = XiUi + X2/2/1, 



/l - ^2/2 = (Iz - V2X2f2)fl - V2X1U1. 



Since /2 belongs to rad(Z, M), the endomorphism a = Iz — "^23^2/2 is an 
isomorphism. Then 

fi ~V2f2 = afi + abui, 

where b = —a~^V2Xi. The exactness of the bottom row in the diagram ()2.8|) 
implies the exactness of the upper row in the commutative diagram 



'/i 
. "1 



(afi+abui,—vi) 




where h = a~^vi + fib + buib. Since the maps corresponding to the vertical 
arrows are isomorphisms, the bottom row is also exact. Setting / = /i + bui 
and ^ = Ml we get the exact sequence ()2.7|) . Suppose that the sequence ()2.7|) 
splits. Since / = a~^/i — ^"^^2/2 belongs to rad(Z, Z), then g : Z ^ Y 
is a section and h is a retraction. Hence both of them are isomorphisms as 
dimfc Y = dimfc Z. Consequently, // = hg is an isomorphism, a contradic- 
tion. Therefore the exact sequence ()2.7j) does not split. □ 

The right square in ()2.6|) leads to the exact sequence 



©M 



Xl X2 
Vl V2 

1 



M 



which implies the exactness of the sequence 



O^Y^MQZ^^N 



(2.9) 



Step 4. [Z,Z] -[Y,Y] = 1. 
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Proof. We claim that [Z,Y] = [Y,Y]. Assume first that the exact sequence 
()2.9p sphts. Since the sequence ()2.7|) does not spht, then Y is not isomorphic 
to Z. Hence vi belongs to rad(y, Z), as Z is indecomposable and dim^ Z = 
dimfc Y. This implies that xi : F — M is a section. In particular, M is 
isomorphic to Y (BY' for some A-module Y'. Applying Lemma (2. II to ()2.7|1 
we get [Y,Y] < [Z,Y] and [Y,Y'] < \Z,Y\ and applying it to (Q we get 
[M © Z, M] < [F © A^, M]. Consequently, 

< [Z, Y\ - [F, Y\ < [Z, M] - % M] < [N, M] - [M, M] = 0, 

by Lemma f2. 31 

Assume now that the exact sequence ()2.9j) does not split. Then 

[M,Y®N]>[M,M®Z], [N,Z]>[N,Y], 
[Y ®N,Y]>[M® Z, Y], [Z, Y] > [Y, Y], 

by Lemmas 12.11 and 12.21 applied to the sequences ()2.7|) and ()2.9p . From 
Lemmas O and Owe get [M, M] = [M, A^], [A^, Z] - [M, Z] = 1 and hence 

< [Z,Y] - [Y,Y] < [N,Y] - [M,Y] - 1 
< i[N, Z] - [M, Z]-l) + ([M, Z] - [M, Y]) < [M, A^] - [M, M] = 0, 

which proves the claim. 

By StepH we get [Z, Z] -[Z,Y]<1. But [Z, Z] > [Z, Y], by Step El and 
Lemmas O and O Therefore [Z, Z] - [Y, Y] = [Z, Z]-[Z,Y] = l. □ 

Steps 01 and El give a contradiction with Theorem 11.31 This finishes the 
proof of Proposition 12.71 □ 

Deduction of Theorem li.il from Theorem \1.'J[ Applying Lemma 12.31 and 
Proposition Owe get [Z © M, M] = [Z ® M, N]. Then the variety Om is 
regular at the point A", by [HI Proposition 2.2]. □ 



3 Bimodules over k[x,y]/{x^ — y^) 

Let R = k[m'^,m^] denote the subalgebra of the polynomial ring k[m] in a 
formal variable m. We say that a left i?-module M has property [PI] if the 
sequence 
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is exact. We shall see later f Corollary that this is equivalent to the fact 
that M has a free resolution of finite length. Dually, we say that a right 
i?-module M has property [PT] if the sequence 

(M M) '^'"^^ ""'^ (M M) '"'S (M M) 

is exact. Observe that m = {m^^m?) is a maximal ideal of R. 

Lemma 3.1. Let M he a suhmodule of a left free R-module. If M has 
property [PI] then it is free. 

Proof. Let {6s}sg5 be a set of elements of M whose residue classes form a 
linear basis of M/mM. We want to show that this set is a basis of the 
i?-module M. Since M is contained in a free i?-module W then 

p|m^M C p|mW = {0}. 

i>l i>l 

By Nakayama's lemma, the elements bg, s E S generate the i?-module M. 

Assume that Ylses^^bs = 0, where all but a finite number of elements 
rs & R are zero. We decompose = 0^,0 + X]j>2 '^s,*^*? s E S, where 
scalars in k. It follows from the definition of bg, s E S that as^o = for any 
s G S". We have to show that = for any s E S, which means that a^^j = 
for any s G S and i > 2. Suppose this is not the case and let j > 2 denote 
the minimal integer such that there is some Sq E S with j 7^ 0. Then 

= m^(^(^a,,im>,) = m-'(^(^ a,j+i_3m>,). 

seS i>j sg5 j>3 

Since M is contained in a free i?-module, is not a zero divisor in M. 
Consequently, 

Then m^x' — m?x" = for 

x' = ^ a^jbs and x" = - asj+i-im^)bs. 
ses ses i>2 

Moreover, 

= m?{m^x' — rn^x") = m^{ni^x' — m^x"). 
Since is not a zero divisor in M and M has property [PI], we get 

f -m^ \ ( x' \ _ ( 0\ „„fJ m3 -m^ \ f y' \ _ ( x' \ 

-m^ J \ x" ) - a^Cl ^4 _^3 j J/// j - U" ; 
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for some y', y" G M. Therefore x' belongs to mM, and consequently, a^j = 
for any s G S*. This gives a contradiction with the choice of j and hence the 
module M is free. □ 

f M M\ 

Let M be an i?-i?-bimodule, ^ — { j consider the maps 



4 : A* > i\ and i] : A* A*, 

given by left and right, respectively, multiplications of A^ by 2 x 2-matrices. 
Observe that = tji] = and ^r] = 77^. We say that M has property [P2] if 
the sequence 

N ^ N ^ N®N 

is exact. In fact, we shall see (Corollary I5.2|l that property [P2] is equivalent 
to the fact that the bimodule M has a free resolution of finite length. 

Lemma 3.2. Let N = "111 ); where M is an R-R-himodule having 



property [P2]. Then M has properties [PI] and [PI'], and the following 
sequence is exact: 

(i 

N®N N ^ N®N ^° ' ^ N ®N ®N. (3.1) 

Proof. Observe that M has property [PI] if and only if the sequence 

N 

is exact. We take n E N such that ^(n) = and set rii = rj{n). Then 
^(ni) = 77(ni) = 0, which implies that ni = rj^{n2) for some n2 G A^. 
Let = n — ^(722). Then ^(ns) = rj^ns) = 0, which gives = ^77(^4) 
for some 724 G A^. Consequently, n = ^(712 + 7/(714)). This shows that the 

sequence A^ A^ A^ is exact. By a similar diagram chasing, one can get 
the exactness of the sequences A^ ^ A^ ^ A^ and which proves the 

claim. □ 

Lemma 3.3. Let Mi — ^ M2 — > M3 ^ be an exact sequence of R-R- 
bimodules. If two of the bimodules Mi, M2 and M3 have property [P2], then 
the third one has as well. 
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Proof. Assume that Mi M2 ^ M3 ^ is an exact sequence of 
i?-i?-bimodules. Then we get the exact sequence — > A?"! — > A^2 — > ^3 — ^ 0, 

where Ni = ( for i = 1,2,3. We apply Lemma 13.21 and consider 



Mi Mi 

the commutative diagram with exact rows 




If two of the bimodules Mi, M2 and M3 have property [P2] then the corre- 
sponding two columns are exact. Hence we get the exactness in the middle 
of the third column, which means that the third bimodule has also property 
[P2]. □ 

Lemma 3.4. Any free R-R- bimodule has property [P2]. 

Proof. Let M be a free i?-i?-bimodule and choose a basis {6s}se5. Assume 
that Xi 1, Xi^2i ^2,1 and 0:2,2 are elements in M such that 



mr —m 



Q ) and ( xl]\ X2^2 ) ( 



m" m 



) = iro)- (3.2) 



We decompose 



X. 



p,q 



^ ^ ^ al'ljm'bsm^ , p, g = 1, 2, 



ses i>o j>o 



where all but a finite number of scalars a^f in k are zero. We conclude from 



dsn that 



1,1 _ 1,2 _ 2,1 _ 2,2 



for s E S, i,j> 2, 
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and the remaining scalars a^f . are zero. If we set 



1/1,1 = 5Z ^^,3,3^s, 1/1,2 = - 5^ ^i3,J+2^s"^^ 
se5 sg5 j>0 

1/2,1 = - XI 5Z °^s}+2,z'^'bs. 1/2,2 = XI 5Z 5Z ^li2,j+2"^'^^"^^ 

se5 j>0 s£S i>0 j>0 

i^l i^l jjLl 



then 



^1,1 ^1,2 \ _ ( m? -m? \ ( yi,i yi,2 \ ( m"' \ 

J y y2,i y2,2 ) [ ^rn"^ _m3 ) 



Hence M has property [P2]. □ 

Lemma 3.5. Assume that M is an R-R-himodule having property [P2] which 
is torsion free as a right R-module. Then the left R-module M/Mxn has 
property [PI] and the following sequence is exact: 

M/Mrri^ ^ M/Mrn^ ^ M/Mrn^. (3.3) 

Proof. Since m? is not a zero divisor of the right -R-module M, then the 
sequence 

^ M ^ M ^ M/Mrn^ 

is exact. In fact, this is a sequence of i?-i?-bimodules since the algebra R is 
commutative. Then M/Mrn^ has property [P2], by Lemma 13.31 Applying 
Lemma (3.21 we get the exact sequence 



.r ^r_(M/Mm' M / Mm 

\M/Mm^ M/M' 



NqN N ^ N, where N 

We have to show the exactness of the sequence 



2 

m 



fM/Mm\ \ (M/Mm\ \ )' (M/Mxn 

\M/Mm) ' \M/Mm) ' \M/Mm 

Let Xi and X2 be elements in M such that 



l,m4 ) + Mm y vo + ) ' 



Then 



Mm/ 



^\ ( rrv^ m4 s /Mm 0\ . 3 \ ^ ( Mm 

X2 O) ^ ^ \^Mm O) ^ ^ - \^Mm2 Mm^ ' ' 
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hence 



fxi + Mm^ + Mm^\ _ [0 + Mm^ + Mm^ 
\X2 + Mm^ + Mmy ~ [o + 



+ Mm^ + Mm^ 



and consequently, 



xi + Mrri^ + Mm'^\ _ / .^s \ /l/i + Mm^ ^2 + Mm^ 
X2 + Mm^ + Mm^J ~ \ '"^ ) [y^ + Mm^ + Mm^ 



. fy5 + Mm^ ye + Mm^\ .3 ^4 x 



for some yi, . . . ,ys G M. This imphes that 

/si + Mm\ ^ /„3 \ /yi + Mm\ 

Therefore M/Mm has property [PI]. We know that M/Mm? has property 
[PI'], by Lemma f3.2[ This gives the exact sequence 



' \ . / / 



{M/Mm'^ M/Mm^) — — ^ {M/Mm"^ M/Mm^) 



' m? 

, —m? , 



from which we derive the exactness of ()3.3p . □ 

Proposition 3.6. Let M be an R-R-himodule having property [P2J. If M is 
torsion free as a right R-module, then there is a free himodule resolution 

Furthermore, if the himodule M is finitely generated then we may assume the 
same for U and W . 

Proof. We take an exact sequence of -R--R-bimodules 



such that the himodule W is free. Obviously W can be finitely generated 
provided M is finitely generated. Since the i?--R-bimodules can be equiva- 
lently considered as i? -R-modules and the ring R® Ris noetherian, then 
the bimodule U is finitely generated if W is. Furthermore, f/, W and M 
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are torsion free right i?-modules. Hence we get the following commutative 
diagram with exact columns and upper two rows: 




Consequently, the bottom row is also exact. Applying Lemma (jH.Hj) we get 
another commutative diagram with exact columns and upper three rows 



U/Um^ 



U/Um^ 



U/Um ■ 



W/Wm^ 



W/Wm^ 



W/Wm'^ 



W/Wm- 



■ M/Mrn^ ^ 



■ M/Mra^ 



■ M/Mrn^ 



■ M/Mm ^ 











0. 



Hence the bottom row is also exact. The bimodule U has the property [P2], 
by Lemmas 13 . 31 and l3 .41 Then U/Uva has property [PI], by Lemma Since 
ly/iym is a free left i?-module then U/Um is also free, by Lemma ITTl Let 
{6s}sgS' be a set of elements of U whose residue classes form a basis of the 
free left i?- module U/Uxn. We want to show that this set is a basis of the 
i?--R-bimodule U. Since 

n^"^' ^ Pjl^m* = {0}, 



i>l 
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then the elements bg, s G S generate the bimodule U, by Nakayama's lemma. 
Assume that 

'^(rsfibs + ^rs,ibsm') = 0, 

seS i>2 

where all but a finite number of elements r^^j G R are zero. It follows from 
the definition of bg, s E S that r^^o = for any s E S. Repeating arguments 
as in the proof of Lemma l3.ll and using the fact that U has property [PI'], 
by Lemma 13.21 we get that r^^j = for any s E S and i > 2. Hence the 
bimodule U is free. □ 



4 The proof of Theorem 11.31 



Suppose that the exact sequence in mod A 











(4.1) 



with Z indecomposable does not split and that [Z,Z] — [Y,Y] = 1. Then / 
is nilpotent and Y is not isomorphic to Z. Furthermore, 

[Y,Y] = [Y,Z] = [Z,Y] = [Z,Z]-1, 

by Lemmas 12.11 and 12.21 applied to the sequence ()4.1|1 . This leads to the 
following exact sequences induced by (jHH): 



^ HomA(y,^) 
^ HomA(^, Z) 
^ EouiAiZ, Y) 
^ HomA(^, Z) 

Let Q be the quiver 



RomA{Y,Z®Y) 
}iomAiZ,Z ®Y) 
HomA(Z©r,F) 
RomAiZ®Y,Z) 



Hom(r, Z) 0, (4.2) 

rad(Z, Z) ^ 0, (4.3) 

Hom(Z,F)^0, (4.4) 

rad(Z,Z)^0. (4.5) 



and A = kQ/{p — hg) be the quotient of the path algebra of Q by the two- 
sided ideal generated by p — hg. We denote by Ey and the idempotents 
corresponding to the vertices y and z, respectively. In particular, 1a = £y+£z- 
It is easy to see that 

B = {ey,e,,r+\gf\rh,grh; z > 0} 
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is a multiplicative basis of A, that is, ;B is a basis of the underlying vector 
space of A such that 6162 belongs to B or equals zero, for any bi and 62 in B. 
Since (/)^ = hg, we have a canonical algebra homomorphism 

$ : A ^ End^(r ©Z), 

This allows us to consider the algebra E = End a{Y © Z) as a A-A-bimodule 
via 

Ai ■ e ■ A2 = $(Ai)e<l>(A2), 
for any Ai, A2 G A and e G End^(F (B Z). In particular, EndA(^) = SyEsy. 

Let E' = (hoSTcS) "TdfiSD- Then E' is a subbimodule in E. We 
derive from a direct sum of ()4.2|) and ()4.3p the exact sequence 

^ e,E © ^^^^ ^ 0. (4.6) 

We denote by R the algebra SyKsy with 1/j = e^. The set {ey.gph; i > 
0} is a multiplicative basis of R. Since {gf^h) ■ (gf^h) = gf^'^^'^'^h, the 
algebra /2 is commutative and it will be convenient to identify R as the 
subalgebra k[m'^, m^] of the polynomial algebra k[m], where gf^h = m*"'"^ for 
any i > 0. Then End^(F) is an i?-i?-bimodule. Let {bi, . . . , bg} be a set of 
generators of the bimodule End a{Y) (for instance we may take a basis of the 
finite dimensional vector space End^(F)). Let = A © ^i-i{Aey © £yA). 
Since Asy © EyA is a projective A-A-bimodule, we may define the bimodule 
homomorphism \E' : — > i?, 

s 

■^{X,Xiey^eyX[,...,Xsey^eyK) = A-ls + ^Ai - (^jO) -A^ 



i=l 



Lemma 4.1. The homomorphism \E' is surjective. 



Proof. Since 61, . . . , 6s are generators of EndA{Y), the latter is contained in 
Im(\l/). We derive from ()4.2j) the exact squares 

Hom^(F, Z) : Hom^(F, Z) : End^(F) 



HomA(y,5) 



RomAiYJ) 



HomA(y,/i) 



HomA(y,/) 



HomA{y,/i) 



EndA(F) ^ ' > HomA(y', ^) £i^^^ Hom^(r, Z). 

Consequently, Hom^(F, Z) = fh - Endyi(y) + h ■ EndA(^) is contained in the 
A-A-bimodule Im(\l/). Similarly, Im(\l/) contains 

Hom^(Z, Y) = EndA{Y) ■ g + EndA{Y) ■ gf. 
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Let e G End^(Z). It follows from (jOj) that 

e = fii ■ Iz + fe' + hd and e' = fi2 ■ Iz + /e" + hd' 
for some scalars fii, fi2 £ ^ and A-homomorphisms d, d', e' and e". Hence 
e = fii ■ Iz + ■ f + hge" + fhd' + hd 

belongs to 

^(/ii ■ + /i2 ■ /, 0, . . . , 0) + /i ■ Hom^(Z, Y) + fh- Hom^(Z, Y). 

Therefore Im(^') contains Endyi(Z) as well. □ 

Let A' denote the subspace of A generated by i3 \ {Ez}- Furthermore, let 
fl' = A' Q) ^i=i{Aey (g) SyA). It is easy to see that A' is a two-sided ideal of 
A and fl' is a A-A-subbimodule of Q. 

Lemma 4.2. The following sequence is exact: 



e,Q 



e,n' 0. 



(4.7) 



Proof. B induces canonically a basis C of the bimodule fl such that the 
set C U {0} is invariant under left and right multiplications by /, g and h. 
Furthermore, suitable subsets of C give bases of the spaces EyQ, e^fl, £z^', 
flSy, Qez and Q'ez- Now straightforward calculations on these bases are left 
to the reader. □ 

Let J denote the kernel of : Q ^ EndA(l^ © Z). 

Lemma 4.3. The following sequences are exact: 








SzJ 



' 9 ^ 



J£z 



■ JEy ® JEy > JEz ■ 



0, 
0. 



(4.8) 
(4.9) 



Proof. Observe that \E'(f2') C E' and let e denote the element (^2, 0, . . . , 0) 
in Q. It follows from the commutative diagram with exact rows 




k ■ €■ 
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that J is also the kernel of the restriction ^' : VL' E' oi . Applying ()4.6|) 
and ()4.7|) we get the following commutative diagram with exact columns and 
exact two bottom rows: 







^Sz^- 



e,E 











■EzEQEyE^ 











6,J ■ 



■ EzE' ^ 







Hence the upper row is also exact. Now the exactness of ()4.8p follows from 
joining the exact squares 



J /■ ^ J 9- ^ T 



EyJ- 



h- 



h- 



EzJ ■ 



■EzJ- 



By duality, the sequence ()4.9|1 is also exact. □ 

Observe that / = SyJSy is an i?-i?-subbimodule of Sy^Sy = -R©0^^]^(-R® 
R). Hence we get the exact sequence of i?-i?-bimodules 



^ / ^ i? © 0(i? © i?) ^ EndA(r) ^ 0. 



(4.10) 



i=l 



In particular, / is torsion free as a right i?-module. Obviously the bimodule 
R © ©i=i(-R © R) is generated by the elements cq = (1, 0, . . . , 0) and 



(0,...,0,1©1,0,...,0), 



i = 1, 



Furthermore, the bimodule / is finitely generated, since it is a subbimodule 
of a finitely generated -R--R-bimodule and the ring © /2 is noetherian. 



Lemma 4.4. The R-R-bimodule I has property [P2]. 
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Proof. Applying Lemma [4. 31 we get the following commutative diagram with 
exact rows and columns: 



-9; 



SyJSz 
SyJSz 



■{h fh) 



I I 
I I 



' a ^ 

.9f J 



{fh ^h)- 



{fh -h)- 



{EzJSz) ^^'^^^ ' {SzJSy EzJEy) 



9f 

■ -9 



{fh -h)- 



(SzJSz) -0 











0. 



Now the claim follows from the fact that any commutative diagram in a 
module category 











^B^C^B -0 



Ol2 

-C2 



71 



72 



D^C2 -0 



S2 



^B^C^B -0 







with exact rows and columns induces the exact sequence 



□ 

Applying Proposition 13.61 we get an exact sequence of finitely generated 
i?-i?-bimodules 
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where the bimodules U and W are free. Let {ui, . . . , Up} be a basis of the 
bimodule U and {wi, . . . , Wg} be a basis of W. Since the endomorphism / is 
nilpotent, then g{fY~'^h = for some t > 2. Hence m* is an annihilator of 
the left i?-module End^(F). Consequently, I contains m*(_R©0^^^(i?®i?)), 
by ()4.1()|1 . Let Zi be an element of W such that its image is equal to m*ej for 
i = l,...,s. 

From now on, we shall consider the i?-i?-bimodules as left modules over 
the algebra R' = R = fc[m^, m^, n^, n^], where the right multiplications 
by and are replaced by the multiplications by and n^, respectively. 
The algebra R' is contained in fc[m, n] and the field k{m,n) of fractions of 
k[m, n] is also the field of fraction of R'. The tensor product of the i?'-module 
monomorphisms 

s s 

(i? © 0(i? ® ^ / ^ (i? © 0(i? © R)) 

i=l 1=1 

by the fiat i?'-module k{m,n) leads to the monomorphisms 

k{m, ny I ©/J/ /c(m, n) k{m, nY . 

Since the composition is an isomorphism, each of the above maps is an iso- 
morphism of vector spaces over the field k{m,n). It follows from the exact 
sequence 

^ U ©ij/ k{m, n) ^ W ©/?/ k{m, n) ^ I ©/j/ k{m, n) ^ 

that p + s = q. Let D be the q x g-matrix with coefficients in R' such that 
its rows represent the elements Ui, . . . ,Up, Zi, . . . , Zs in the basis Wi, . . . , Wg, 
that is, 



- ui - 




- Wl - 




= D 











Lemma 4.5. det{D) = for some integer j . 

Proof. Let Zq be an element of W whose image in I is equal to m*eo. Then 
(m^ — n'^)zQ belongs to U and hence 

(m^ - n^)zo = r[ui + . . . + r'^Up 

for some elements in R'. This implies that 

where V2 = [r^, . . . , r^, . . . , 0]. 



V2 



■a I 
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Since the image of m^Wi belongs to the i?'-submodule in / generated by 
m*eo, m*ei, . . . , m'e^, then m*Wj belongs to the i?'-submodule in W generated 
by Ml, ... , Up, zi, . . . ,Zs and zq, for i = 1, . . . ,q. Consequently, there are a 
q X g- matrix B with coefficients in R' and elements ri, ... ,rq in R' such that 







-ui - 




- ri - 




= B 




+ 












-^q - 



Zq. 



Observe that 



where 







- ui - 




= c 




m^Wq 







C = B + 



rn? — m? 



ri 



■ V2 



is a g X g-matrix with coefficients in the field /c(m, n). Consequently, C ■ D 
■ Iq, where /„ denotes the identity matrix. Hence 



det(C) ■ det(D) 



m 



tq 



Let Di be the matrix obtained from B by replacing the z-th row by f2, for 
2 = 1, . . . , g. Applying elementary properties of determinants we get 



Aei{C) = det{B) + 



det(Di) + ...+ 



rn? — m? 



det(Dg). 



Therefore {m? — r?) ■ det(C) is an element of k[m?, m^, r? , v?\ and det(D) is a 
divisor of (w? —v?^ ■m*'' in the algebra k[m'^, m^, n^, n^]. Replacing {m? — r?) 
by (m^ — n^), we get that det(D) is also a divisor of (m^ — rt') ■ m*''. Since 
/c[m^, m^, n^, n^] is contained in the unique factorization domain k[m,rt\ and 
the polynomials 



m 



n 



m + n 



and 



m 



n 



vr? + mn + r? 



m 



n 



m 



n 



are coprime, then det(-D) is a divisor of (m — n)iv}'^. Therefore det(i5) = 
for some integer j, as (m — n)m^ does not belong to k[rn? ,rn? ^n^]. □ 

Applying Lemma [4.51 we get that the coefficients of the matrix ■ D^^ 
belong to A;[m^, m^, n^, n^]. Hence m^x belongs to the -R'-submodule of W 
generated hy Ui, ... ,Up, Zi, Zg, for any x G W . Therefore m^y belongs to 
the i?'-submodule of / generated by m*ei, . . . ,m*es, for any y & I. Taking 
?/ = m* ■ Co we obtain a contradiction. This finishes the proof of Theorem ESI 
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5 Corollaries and remarks 



Ell. Theorem 11.11 can be generalized to other varieties. We give here two 
examples. 

Let Q = {Qq, Qi, s, e) be a finite quiver, where Qq is the set of vertices, Qi 
is the set of arrows and s,e : Qi —>■ Qq are functions such that any arrow a in 
Qi has the starting vertex s{a) and the ending vertex e{a). Let d = {di)i^Qg 
be a sequence of positive integers. Furthermore, we denote by M.ii'xd"{k) the 
space of d' x (i"-matrices with coefficients in k, for any positive integers d' 
and d". Then the group GLd(fc) = YlieQo^^diik) acts on the affine space 
repQ(A;) = UaeQi ^4(.)Xd,(,) (fc) by conjugations 

Let d = X^igQo denote the path algebra of Q. Then there is a fibre 

bundle 

C:d^(GL,(A;)/GLd(A;)) 

with typical fiber repQ(A;), where Cd is a connected component of modfQ(/c) 
(see jl]). Consequently, Theorem 11.11 remains true if we take the GLd(fc)- 
variety repQ(fc) instead of mod^(/c). 

Let Pi, . . . ,Pt be parabohc subgroups of G = GLa^k). We consider the 
projective variety 

X = G/Pi X ... X G/Pt 

equipped with the diagonal action of G. Applying arguments used in §2] 
we get a G-equivariant principal if-bundle U ^ X, where GLd(fc) = G x H 
and W is a GLd(/i;)-invariant open subset of repQ(A;), for some quiver Q and 
sequence d. Thus Theorem 11.11 is still true if we replace the module variety 
by the G- variety X. 

\^2. Let Q be the Kronecker quiver. Then the orbit closures in repQ(A;) 
are regular in codimension one, even if they contain infinitely many orbits 
(jS]). It is an interesting question whether the orbit closures are regular in 
codimension one for the other extended Dynkin quivers. 

Els. We say that two exact sequences in mod A 

cTi -.0 ^ Zi ^ Zi®M ^ N ^0, 1 = 1,2, 

with fl in Ta.d{Zi, Zi © M) are equivalent if there is a commutative diagram 
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in mod A 

Zi — © M — N 

i j 

-^2 — Z2©M — AT -0 

for some isomorphisms i, j. In particular, Zi is isomorphic to Z2. 

Corollary 5.1. Let M and N be points in mod^(A;) such that N belongs to 
Om one? dim (9m— dim Oat = 1. Then there is a unique, up to an equivalence, 
exact sequence in mod A 

O^Z^Z®M^N^O (5.1) 
with a radical morphism f . Furthermore, the module Z is indecomposable. 

Proof. Applying Lemma 12.51 we get the exact sequence ()5.1|) with / radical 
and Z indecomposable. Let 

a' -.0 ^ Z' ^ Z' ® M ^ N ^ Q 

be an exact sequence in mod A with /' in rad(Z', Z'(BM). By Lemma IT^ and 
Proposition I2IZ1 [Z ® M,M] = [Z ® M, N]. Applying Lemma O for a' and 
X = Z © M we get that g factors through g'. This leads to a commutative 
diagram in mod A 

^Z^^Z®M^^N ^0 

i 3 

^ Z' — ^ Z' ®M N ^ 

for some homomorphisms i and j . We conclude from Lemma 12.21 that the 
induced exact sequence 

^ Z (Z © M ) © Z' ^^^-^ {Z' © M) ^ 

splits. Hence i is a section and j is a retraction, as / and /' are radical 
homomorphisms. This implies that Z is a direct summand of Z' as well as 
© M is a direct summand of Z © M. Consequently, Z is isomorphic to Z', 
and i and j are isomorphisms. □ 
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\^4. The bound for the difference of dimensions of Endyi(Z) and End^(y) 
given in Theorem 11.31 is sharp. We recall here the example given in 5.4]. 
Let A = k[a, l3]/{a'^, 13"^) and Y and Z be modules in mod\{k) such that 

/oooo\ /oooo\ /oooo 

n«) = ^(«)= ^(/^)= ooH ' ^(/^)= osn 

Voioo/ Vooio/ Viooo 



and set 

/oooo\ /oooo\ _ /lOOO 

f_/l0001 ;^_/01001 h — I 

i~loiool' y~\ioool' ''~looio 
Voolo/ Voool/ \oioo 

Then the module Z is indecomposable, the sequence 

'f) 

0^ Z ^ Z®Y ^^^^ Z ^0 
is exact and dim^ EndA{Z) — dim^ Endyi(F) = 2. 

El 5. The properties [PI] and [P2] are strongly related to free resolutions of 
modules over R = A;[m^,m^] and R' = k[m'^, 771^,71^,71^], respectively. 

Corollary 5.2. Let M be an R' -module. Then the following conditions are 
equivalent: 

(1) M has property [P2]; 

(2) there is a free resolution F2 ^ Fi Fq ^ M of M; 

(3) M has a free resolution of finite length. 

Proof. Obviously (2) implies (3). Furthermore, (3) implies (1), by Lemmas 
13.31 and 13.41 Assume now that M has property [P2]. We take an exact 
sequence of i?'-modules 

^ M' ^ Fo M -> 0, 

where the module Fq is free. The module M' has property [P2], by Lemmas 
13.31 and 13.41 Since M' is a torsion free bimodule, then (2) follows from 
Proposition 13.61 □ 

Corollary 5.3. Let M he an R-module. Then the following conditions are 
equivalent: 

(1) M has property [PI ]; 

(2) there is a free resolution — > Fi — > Fq ^ M — ^ of M; 
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(3) M has a free resolution of finite length. 



Proof. The proof is similar to the previous one. We have to replace Proposi- 
tion ESI by Lemma f3.1[ Furthermore, one can repeat appropriate arguments 
to get versions of Lemmas 13.31 and 13.41 for i?-modules. □ 

Observe that = {^^^ ^ -module for any i?-module M and 

A^' = i^^i is a ?7]/(^^, ?7^)-module for any i?'-module M', where 

the residue classes of ^ and t] denote the multiplications ^ ^4 ~™3 j ■ and 

■ (^^2 ^^3)5 respectively. Since the algebras k[^]/{^'^) and k[^,ri\/ {^"^^rf) are 
local and Frobenius, the free modules over them coincide with the projective 
modules and with the injective ones. One can prove that M has property 
[PI] if and only if is a free /c[^]/(^^)-module, and M' has property [P2] if 
and only if A^' is a free /c[^, ?7]/(^^, ?7^)-module. 
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